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Abstract. We consider an n-dimensional spherically symmetric, asymptot- 
ically Euclidean manifold with two ends and a codimcnsion 1 trapped set 
which is degenerately hyperbolic. By separating variables and constructing a 
semiclassical paramctrix for a time scale polynomially beyond Ehrenfest time, 
we show that solutions to the linear Schrodiner equation with initial condi- 
tions localized on a spherical harmonic satisfy Strichartz estimates with a loss 
depending only on the dimension n and independent of the degeneracy. The 
Strichartz estimates are sharp up to an arbitrary > loss. This is in contrast 
to ICW11I , where it is shown that solutions satisfy a sharp local smoothing 
estimate with loss depending only on the degeneracy of the trapped set, inde- 
pendent of the dimension. 



1. Introduction 

It is well known that there is an intricate interplay between the existence of 
trapped geodesies, those which do not escape to spatial infinity, and dispersive esti- 
mates for the associated quantum evolution. Trapping can occur in many different 
ways, from a single trapped geodesic (see }Bur04|lBZ04llChr07|IChrll|.IChr08bj ). 
to a thin fractal trapped set (sec [NZ09, Chr09 ( Chr08a, Dat09 ), to codimcnsion 1 
trapped sets in general rela tivity (see, for example, [BS^IBH08llDR09[|MMTT10l 
ILuklOilTTl ll lLMar , WZlOj and the references therein) , to elliptic trapped sets and 
boundary value problems. Dispersive type estimates also come in many flavors, 
but are all designed to express in some manner that the mass of a wave function 
tends to spread out as the wave function evolves. Since the mass of wave functions 
tends to move along the geodesic flow, the presence of trapped geodesies suggests 
some residual mass may not spread out, or may spread out more slowly than in 
the non-trapping case. In this paper, we concentrate on Strichartz estimates, and 
exhibit a class of manifolds for which we prove near-sharp Strichartz estimates with 
a loss depending only on the dimension of the trapped set. This class of manifolds 
has already been studied in |CW11| . where a sharp local smoothing estimate is 
obtained with a loss depending only on how fiat the manifold is near the trapped 
set. This presents an interesting dichotomy conjecture: "loss in local smoothing 
depends only on the kind of trapping, while loss in Strichartz estimates depends 
only on the dimension of trapping" . 

The purpose of this paper is to study a very simple class of manifolds with a 
hypersphere of trapped geodesies. If the dynamics near such a sphere are strictly 
hyperbolic in the normal direction, then resolvent estimates are already obtained 
in |WZ10j (see also [ChrOSb , ChrOSai ) which can be used to prove local smooth- 
ing estimates with only a logarithmic loss. However, if the dynamics are only 
weakly hyperbolic, resolvent estimates and local smoothing estimates are obtained 
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in jCWllj with a sharp polynomial loss in both. We now turn our attention to 
studying Strichartz estimates, which are mixed L p L q time-space estimates. The 
typical procedure for proving Strichartz estimates is to construct paramctrices (ap- 
proximate solutions), which encode how wave packets move with the geodesic flow. 
For solutions of the Schrodinger equation, wave packets at higher frequency move 
at a higher velocity, so the presence of trapping, or more precisely of conjugate 
points means that parametrices can typically be constructed only for time intervals 
depending on the frequency of the wave packet. Then summing up many paramet- 
rices to get an estimate on a fixed time scale leads to derivative loss in Strichartz 
estimates. 

However, if the trapped set is sufficiently thin and hyperbolic, we expect that 
most of a wave packet still propagates away quickly, and a procedure developed 
by Anantharaman |Ana08j allows one to exploit this to logarithmically extend the 
timescale on which one can construct a paramctrix leading to Strichartz estimates 
with no loss [BGHlOj . 

For the manifolds studied in this paper, the trapping is degenerately hyperbolic, 
so wc still expect some mass of each wave packet to propagate away, but at a much 
slower rate than the strictly hyperbolic case. As a consequence, we need to ex- 
tend the parametrix polynomially in time to get sharp estimates. The techniques 
in |Ana08, BGHlOl will not work in this situation since the 0(h°°) estimate of de- 
caying correlations will not control the exponential number of such correlations. In 
this paper, we fail to prove estimates all the way to the sharp polynomial timescale, 
but we are nevertheless able to extend the parametrix construction to the sharp 
timescale up to an arbitrary /3 > loss, which is expressed as a loss in deriva- 
tive in the main theorem. Further, the technique of proof involves decomposing 
the solution in terms of spherical harmonics in order to reduce the problem to a 
1-dimcnsional scmiclassical parametrix construction. Lacking a square-function es- 
timate for spherical harmonics, the proof only works for initial data localized along 
one spherical harmonic eigenspace. In this sense, the result shows more about the 
natural semiclassical timescale, polynomially extended beyond Ehrenfest time, for 
which we have good control of the rate of dispersion. 

We begin by describing the geometry. We consider X = M. x x Sg , equipped 
with the metric 

g = dx 2 + A 2 (x)G e , 

where A G C°° is a smooth function, A ^ e > for some cpsilon, and Gg is the 
metric on S n . From this metric, we get the volume form 

dVol = A{x) n - X dxda, 

where a is the usual surface measure on the sphere. The Laplacc-Bcltrami operator 
acting on 0-forms is computed: 

Af = (dl + A' 2 A nn -, + (n - VA^A'dJf, 

where A§n-i is the (non-positive) Laplacc-Bcltrami operator on the sphere. 

We study the case A(x) = (1 + x 2m ) x / 2m , to ^ 2, in which case the manifold is 
asymptotically Euclidean (with two ends), and has a trapped hypcrsphere at the 
unique critical point x = 0. Since A(x) has a degenerate minimum at x = 0, the 
trapped sphere is weakly normally hyperbolic in the sense that it is unstable and 
isolated, but degenerate (see Figure [TJ. 
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Our main theorem is the following, which expresses that a solution of the linear 
homogeneous Schrodinger equation on this manifold satisfies Strichartz estimates 
with loss depending only on the dimension n, up to an arbitrary f3 > loss. 

Theorem 1. Suppose u solves 

(1.1) ((A + A). = o, 

\u\t=o = u Q , 

where uq = HkUo is localized on the spherical harmonic subspace of order k. Then 
for any T, j3 > 0, there exists Ct,p > such that 

(1.2) IMU^o.tdmcm) < C T A (D e )( n - 2)/pn+(3 uoWlhm), 
where 

2 n n 
P + 1 = 2' 

and 2 ^ q < oo if n = 2. 

Remark 1.1. There are several important observations to make about Theorem 
[T] First, this theorem concerns endpoint Strichartz estimates. In dimension n ^ 3, 
if wc take f3 < l/n, the loss in derivative is then (n — 2)/2n + {3 < 1/2; that 
is, the loss is always less than the loss following the argument of Burq-Gerard- 
Tzvetkov [BGT04] (which gives a loss of 1/2 for endpoint estimates in n ^ 3). 
Second, there is only a j3 > loss over the Euclidean (scale-invariant) estimates if 
n = 2, that is, if the trapped set is a single degenerate periodic geodesic, so we can 
get as close to the no-loss estimates as we like. We expect the (3 > derivative 
loss can actually be removed in all dimensions, but this is beyond our techniques. 
Third, in all dimensions, the loss depends only on the dimension of the trapped set. 
It does not depend on m, the order of degeneracy of the trapping. This is in sharp 
contrast to the local smoothing effect, which depends only on m, and not on the 
dimension ?? (sec [CW111 and below). 

For dimensions n ^ 3, the estimate (|1.2|) is near sharp on natural semiclassical 
time scales (see Corollary I3.3|) , in the sense that no better polynomial derivative 
estimate can hold. In dimension n = 2, the same is true by comparing to the 
scale-invariant case. 

Finally, since uq is localized to a single spherical harmonic, the estimate in the 
theorem can be rephrased, since 

II (D e ) in - 2)/pn+0 u \\ LHM) ~ || (k) {n - 2)/pn+ e U0 \\ LHM) . 
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Taylor for helpful and stimulating conversations during the preparation of this man- 
uscript. 

2. Reduction in dimension 

In this section wc use a series of known techniques and estimates to reduce study 
of the Schrodincr equation on M to the study of a semiclassical Schrodincr equation 
on R with potential. The potential has a degenerate critical point, and we use a 
technical blow-up calculus to construct a sequence of paramctrices near the critical 
point. 
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We observe that we can conjugate A by an isometry of metric spaces and separate 
variables so that spectral analysis of A is equivalent to a one- variable semiclassical 
problem with potential. That is, let T : L 2 (X, dVol) — > L 2 (X, dxdO) be the isometry 
given by 

Tu(x,9) = A("- 1) / 2 (i)u(i,fl). 

Then A = TAT -1 is essentially self-adjoint on L 2 (X, dxda) for our choice of A. A 
simple calculation gives 

-A/ = {-d 2 x - A- 2 (x)A sn - 1 + V 1 (x))f, 

where the potential 

n — 1 .... i (n — l)(n — 3) , ... o . 
Vi(x) = -^-A"A- X + i J -(A ) A . 

Of course, conjugating the Laplacian by an L 2 isometry does not necessarily 
preserve H s or L q spaces. 

Lemma 2.1. With the notation A{x) = (1 + x 2m ) 1 / 2m from above, for s 0, 

\\Tu\\ H >{dxd<T) ^ C\\u\\ H s( dVot) , 
II (-A S n-i) s Tu\\ L 2 {dxda) = || (-A§ re -i) s u\\ L 2 (dVol) , 

and for q 2, 

\\ u \\L"{dVol) ^ C\\Tu\\ Lq ( dxda y 

Proof. The result for < s ^ 1 follows from the L 2 and H 1 result, which follows 
by observing that 

d x A^/ 2 U = A^' 2 d x U + tH_}} A l A (n-3)/2^ 

But since \A'\ ^ CA, the L 2 (dxda) norm of d x Tu is bounded by the H 1 (dVo\) 
norm of u. 

The result for angular derivatives follows by commuting with A^ n ~ lS, / 2 {x). 
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For the L q result, we compute 

\u{x,e)\ q A (n - 1) {x)dxda ^ I \A {n ~ 1)(1/q ^ 1/2) Tu{x,6)\ q dxd9. 



The function J 4(«-i)(i/?-i/2)( a .) i s bounded for q 2, so the L 9 inequality is true 
as well. □ 

As a consequence of this, to prove Theorem [TJ it suffices to prove the following 
Proposition, and apply Lemma |2. II with v = Tu. 

Proposition 2.2. Suppose v solves 

(2.1) |(A + A), = 0, 

[v\ t =o = v , 

where vo = H^v® is localized on the spherical harmonic subspace of order k. Then 
for any T > and /3 > 0, there exists Ct,/3 > such that 

(2.2) |MU.([0,T])^ *S C T ^\\ (Dg^-^^voh,, 
where 

Inn 

p + - q = r 

and 2 ^ q < oo if n = 2. 

We now separate variables by projecting onto the kth spherical harmonic eigenspace. 
That is, let Hk be the fcth eigenspace of spherical harmonics, so that v G Hk implies 

-A S n-lU = X 2 k v, 

where 

A| = fc(fc + n-2). 
Let H k : L^S™" 1 ) -> ?4 be the projector. 

Since Vq is assumed to satisfy v = H k vo for some fc and the conjugated Laplacian 
preserves spherical harmonic eigenspaces, we have also v = HkV. Motivated by 
spectral theory, we compute: 

(-A - \ 2 )v = P k v, 

where 

(2.3) P k v = P k H k v = {-^- + k{k + n- 2)A- 2 {x) + Vl(x) - \ 2 )v. 

ux z 

Setting h — (k(k + n — 2)) -1 / 2 and rescaling, we have the one-dimensional semi- 
classical operator 

P(z, hW(x) = (-h 2 -^ + V(x) - z)^(x), 
where the potential is 

V(x) = A- 2 {x)+h 2 Vi{x) 
and the spectral parameter is z — h 2 X 2 . 

For our case where A(x) = (1 + x 2 " 1 ) 1 / 2 " 1 , the subpotential h 2 V\ is seen to 
be lower order in both the semiclassical and scattering sense. Furthermore, the 
principal potential A~ 2 (x) is even, smooth, decays like x~ 2 at ±oo and has a 
unique degenerate maximum of the form 1 — x 2m at x = 0. 
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3. Endpoint Strichartz ESTIMATES 



Before proceeding to the endpoint Strichartz estimates, let us briefly recall the 
local smoothing estimates which will eventually allow us to glue together Strichartz 
estimates on semiclassical timescales. 

3.f . Local smoothing estimates. In this subsection, we recall the local smooth- 
ing estimates from [CWllj . as well as the dual versions which we will use in this 
paper. 

Theorem 2 ( [CWllj ). Let V(x) = A~ 2 (x) + h 2 Vi{x) as above. Then for any 
T > 0, there exists a constant C = Ct > such that 



Ixl™- 1 (x)- m - 1 - 3/2 e it (- d ' +h ' 2v ^u \\ 2 L2 dt < CfclKII 



2 

L-- 



and 



,-3/2 it (-a? x +h- 2 V) 



u ||i a <ft<C7i 1 /( n, +i)|| Uo || 



The dual versions of these estimates are given in the following Corollary. 

Corollary 3.1. Let V(x) = A~ 2 (x) + h 2 Vi(x) as above. Then for any T > 0, there 
exists a constant C = Ct > such that 

2 



im-1 / x-m-1-3/2 it {-dl+h- 2 V) 



fdt 



<Ch\\f\ 



2 



L- 



and 



f 

Jo 



(x) 



-3/2 it {-dl+h- 2 V) 



fdt 



L- 



The purpose of these results is to demonstrate that there is perfect 1/2 derivative 
local smoothing away from x — 0, or local smoothing with either a loss in derivative 
or with a vanishing multiplier at x — 0. 

3.2. The endpoint Strichartz estimates. The endpoint Strichartz estimates are 
the L T L 2 estimates, where 2* is the Strichartz dual: 

n n 

H 

2* 2 

which implies 2* = 2n/ (n — 2) for n 3, and 2* = oo if n = 2. 

We want to estimate v in L 2 (M), which we do using the following estimate due 
to Sogge [Sog86| : 

Theorem 3 ( |Sog86| ). Let (M,g) be a d- dimensional compact Riemannian man- 
ifold without boundary, and let —A be the Laplace- Beltrami operator on M . Lf ifj 
are the eigenf unctions, 

-Atpj = X 2 ipj 
with = Ai ^ A2 ^ • • • the eigenvalues, then 

n n ^ n , (d-l)/2(d+l) n n 



^Throughout this manuscript, we use the notation L v T L q = L p ([0,T])L q (M) to denote the 
local in time, global in space Strichartz norm. 
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In particular, for the situation at hand, 

IMIz** (R)i 2 *(S«- 1 ) = l|-fffc^lli 2 *(R)L 2 *(S"- 1 ) 

^Ck^)/^H k v\\ L2 . imL2{Sn . ly 
Now let Afe be an index set for the fcth harmonic subspace Jik and write 

v(t,x,6) = E vi k (t,x)Hi k (e), 
ieA k 

where Hik are the orthonormal spherical harmonics in Wk- Now if p 2, 2 ^ q ^ 2* 
(<y < oo if n = 2), we have 

IMIl*L«(M) < Cfc (n - 2)/an ||«llLS.L.(H)L»(S-i) 

v 1/2 



< cfc("- 2 )/ 2 ™ 



E 



by Planchcrel's theorem. We further estimate using Minkowski's inequality repeat- 
edly: 

p/2 \ VP 







( 


(em 2 )^ 




f 

Jo 

{ 


\ieA fc / 





E 



9/2 



2/9 



Wife | 



d.r 



dt 



^ C 



C 



2/9 



1 p/2 \ VP 

dt 



1/2 



c 



< c 



E iNfcii£« 



2/p' 



2/p' 



1/2 



^(e 

VGA* 



1/2 



All told then we have 
(3.1) 



«n W M)^^ (n - 2)/2 "fE 



1/2 



II"/* Ills, 



where vi k (t,x) = (v(t,x, •), ^/fc) L 2 (S „-i ) • 

Using (|2.3j) . we see that vik satisfies the equation (D t + Pk)vik = 0, which is 
a 1-dimensional Schrodingcr equation with potential. We want to estimate vik in 
the Lj,L 2 (R) norm when n > 3, and in L v T L q Strichartz duals with 2 ^ q < oo 
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in dimension n = 2. However, since we are now looking at a solution to a one 
dimensional Schrodinger equation, 2 and 2* are not Strichartz duals in 1 dimension. 
The Strichartz dual p to 2* = 2n/ (n — 2) (n 5^ 3) in one dimension satisfies 

2 1 _ 1 

p + ¥ ~ r 

or 

p = 2n. 

We therefore first use Holder's inequality in t, with weights n and n/(n — 1) respec- 
tively to get 

IKIIki** = / hlk\\ 2 L 2*dt 
T Jo 

<;r(«-i)/«||^||^ i2t . 

In dimension n — 2, we use p > 2, 2 ^ q < oo and the same weights in Holder's 
inequality to get 

\\ v lkh' L i = / \\vik\\ 2 L 2*dt 
Jo 

We have the following proposition. 

Proposition 3.2. Suppose vik solves 

UD t +P k )v lk =0, 
\vi k \t=o = v?k, 

where vf k € H s for some s > 0. Then for any T > 0, t/iere exists a constant 
C = Ct > such that 

IMIl-£=* <C||(^4IU»- 

That is, even though vik solves a Schrodiner equation with a degenerate potential 
barrier, vik nevertheless satisfies Strichartz estimates with an arbitrary /3 > loss. 
As a consequence, we have the following estimate on natural semiclassical time 
scales. 

Corollary 3.3. Suppose v solves (|2.ip with initial data vq = v^Hik- Then for 
e > sufficiently small and T = ek~' 2 ^ m+1 \ v satisfies the Strichartz estimate 



where 



V = T7 TTT ( m (" ~ 2 ) ~ n ) ■ 

2n(m + 1) 



Moreover, if vik is a zonal spherical harmonic, this estimate is near-sharp, in the 
sense that no polynomial derivative improvement is true for every [3 > 0. 

Remark 3.4. This corollary shows that on natural semiclassical time scales the 
Strichartz estimates arc improved. Indeed, in dimension n = 2, there is a smoothing 
effect. The proof of the near-sharpness of this estimate is in Section l5Tl 
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3.3. Proof of Proposition [2.21 and Corollary 13.31 Assuming Proposition I3~2| 
we have from (|3.1j) (in dimension n 3): 

ii«ii 2 ^ w <^ (n - 2)/ "Eii^ii^w 

JSA fc 

ieA fc 

^ CT (n-l)/n|| (fc) («-2)/ 2ll+/3uo||i2(M)5 

by orthonormality, which is Proposition 12. 2| and hence also Theorem [1] A similar 
computation using (|3.1[) holds when n = 2, and 2 ^ g < oo. 

For Corollary 13.31 the sum is over only one term, and T ~ fc _2 /( m + 1 ). Then in 
this case, 



L 2 



2 

L 2 * 



^(l + |fc|)M^"- 2 >-")|| <fc)%° fc ||£ a(A/) 

where 77 is as in Corollary 13.31 A similar computation holds for q < 00 in the case 
n = 2. 

□ 

4. The parametrix 



It remains to prove Proposition l3.2l For that purpose, in this section we construct 
a parametrix for the separated Schrodingcr equation: 

I (A + {-dl + 4A~ 2 (x) + V!(x)))u = 0, 
\u\ t= o = u . 

We rescale h 2 = X^ 2 to get 

f(A - {-dl + h- 2 A- 2 (x) + V 1 (x)))u = 0, 
\u\ t= o = u . 
Let v(t,x) = u(ht,x), so that 

UhD t - {-h 2 d 2 x + A- 2 {x) + h 2 V!(x)))v = 0, 
\v\ t= o = u . 

For the rest of this section, we consider the one-dimensional semiclassical Schrodingcr 
equation with barrier potential: 



(4.1) 



(hD t + (-h 2 d 2 + V(x)))v = 0, 
v\ t =o = v . 



The potential V{x) = A~ 2 (x) + h 2 V\(x) decays at |x| = 00, is even, and the 
principal part A~ 2 (x) has a degenerate maximum at x — with no other critical 
points. Denote P = —h 2 dl + V(x). 

Let us give a brief summary of the steps involved in the construction. We 
will use a WKB type approximation, although, since we are in dimension 1, we 
do not need a particularly good approximation. The first step is to approximate 
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the solution away from the critical point at (x t £) = (0,0). Since this is a non- 
trapping region, standard techniques can be used to construct a parametrix and 
prove Strichartz estimates on a timescale t ~ for the semiclassical problem, or 
on a fixed timescale for the classical problem. A similar construction applies for 
energies away from the trapped set. 

The remaining regions can be divided into an /i-dcpcndcnt strongly trapped re- 
gion and a "transition region" , where wave packets propagate, but not at a uniform 
rate. By restricting attention to a sufficiently small /i-dependent neighbourhood of 
(0,0), we can extend a semiclassical parametrix to a timescale t ~ fo( 1 - m )/( 1 +"0 ) 
which is a classical timescale of h 2 / ( m+1 ) . We divide the transition region into a log- 
arithmic number of /i-dependent regions on which a similar parametrix construction 
works. Summing over all of these regions gives a parametrix construction and corre- 
sponding Strichartz estimates in a compact region in phase space with a logarithmic 
loss due to the number of summands in the transition region. These constructions 
and Strichartz estimates hold for a frequency dependent timescale ~ / l 2 /( m + 1 )+/ 3 j 
(3 > 0, or with a (3 > loss in derivative on timescale ~ h 2 /( m+1 \ We then use 
the local smoothing estimate from |CWllj to glue estimates on ~ ^^ 2 /( m + 1 ) time 
intervals to get the Strichartz estimates with a (3 > loss overall. 

4.1. WKB expansion. We make the following WKB ansatz: 

v = h- 1 ' 2 J e llp{t - x ^ /h e-^B(t,x,Ou a (y)dydZ, 

and compute 

(hD x ) 2 v = [ e^ x ^' h {{^ x ) 2 B - ifup xx B - 2ihtp x B x - h 2 B xx )u (y)dxd(, 



and 

hD t v= I e l ^ x '^ h (ip t B - ihB t )u {y)dyd^. 



In order to approximately solve the semiclassical Schrodinger equation for v, we 
use the WKB analysis. We begin by trying to construct ip so that 

U t + {^ x ) 2 + V{x) =0, 
\p\t=o = <• 

Given such <p, we solve the transport equations for the amplitude using a semiclas- 
sical expansion: 

B = J2h j B j (t,x,0, 

and 

~ihB t — ih(p xx B — 2ih(p x B x — h 2 B xx = 0. 
This amounts to solving: 



(4.2) 



—Bo,t — 2(p x B a ^ x — ip xx Bo — 0, 

-iBj tt - itfixxBj - 2iip x Bj tX - Bj- X>xx = 0, j > 1. 
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4.2. The partition of unity. In this subsection we construct the partition of unity 
which will be used to glue together the parametrices constructed in the following 
subsections. Let e > 0, S > be sufficiently small, and uj > 1, all to be specified 
in the sequel. Let x G C£°(R), x( r ) = 1 f° r M ^ lj with support in {\r\ ^ 2} and 
assume x'M < for r > °- For ^ > 0, let Xa(r) = x(r/cr). Let \ ± G C°°(R), 
X ± (r) = 1 for ±r ^> 1, x ± = for ±r ^ 0, and choose ^ so that 1 = x(r) + 
X + ( r ) + X~( r X an d denote also xt ( r ) = X ± ( r / <7 )- Choose also V'cV' G 
with V'o( r ) = 1 near r = 0, and V'( r ) = 1 in a neighbourhood of r = 5 such that 

^ Huj j x) = 1 for z € [*,2efc- 1 /( m+1 5], 
o 

and 

i>o(%) + (W*) + ^{-^x)) = 1 for x G [-2e/i" 1 / (m+1 ),2e/i- 1 /(" l+1 )]. 
o 

We remark for later use that we take, for example 

j $ 1, for + w^ 2 ) ^ x < <J(aP +1 - u;^ 1 ) 
V(w "0 - | Q for x G ^ _ w j-2) )J( y+i +^-1)]^ 

so that in particular 

|^v(^)| < c fe (M fc (^" J ' fe )- 

We also observe this implies we need N(h) sufficiently large that uji ~ ft, _1 /( m+1 ), 
so that iV(/i) = C(log(l//i)), with constants depending on 5,lu, and m. 
We write 

el tp/h = L(t) + := (1 _ X £ x )) e *p/h + x ,{ x y tp i h 

for the propagator cut off to large and small values of x respectively. The set 
where the symbol p = 1 contains the critical point (0,0), so we further decompose 
into frequencies £ which lie above (respectively below) the set where p = 1, and 
frequencies which are bounded: 

S(t) = Su(t) + Sio(t), 

where 

s^t) = i {±hDx>1 - v(x)} (i - xA{p - i)))S(t), 

and Si (t) = S(t) — Shi(t)- We decompose yet again to 

N(h) 

Sio(t) = Sio,o,o(*) + (^°j>+W + S , ioj,-(*)), 

3=0 

where 

Sio.o,oW=M^ 1/(m+1) )Sio(i), 

and 

floj.iW = V(±W^//l 1/(Tn+1) )^lo(t). 

The operators Si 0) j,:t(*) are localized to bounded frequencies, and dyadic strips 

of size ftV(™+l)a;3. 

We require one further localization, which is to assume that 
the operators are also outgoing/incoming. Choose x G C°°(R) so that x(r) = 1 for 
r ^ 1 and x(r) = for r ^ 0. For a, 7 > to be determined, let 

= X((±^x + az™)^*™)^, +(t), 
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and 

S£ dt Jt) = x((ThD x + ax m )hx m )S^At). 
This has the effect of localizing in phase space to the sets where 

±i ^ -ax m 

for S'jq • + (t) and similarly for • _(i). By the properties of x, we have 
microlocally on the set 

{±^{ 1 -a)x m }. 

If a > 7, these two sets clearly cover the remaining phase space, so if we can 
estimate each one of the operators above, we have estimated the entire propagator. 

It is clear then that if we can prove, say, (3/2 > loss Strichartz estimates for 
Si ,o,o{t), and for each Sj^ ■ + and S lo j_(t) for t ^ 0, the Strichartz estimates 
follow for S'jq j + and j _ (t) by time reversal. We thus have to prove Strichartz 
estimates for each of these operators, as well as for S'hi(i) and L(i), at which point 
we can sum up and take a loss of log(l//i) + h~^l 2 < Ch~@ . 

4.3. The parametrix for L(t). We recall that the operator L(t) is the propagator 
localized to large |x|. Then the operator L(t) can be decomposed into L + (t)+L~(t), 
supported where ±x > respectively Thus 

L+(t)=xt^)e ltP/h - 

By a TT* argument (see }KT98| ). in order to show L+ : L 2 -> L v T L q , it suffices to 
estimate 

L+(i)(L+)*(s) : L 1 ->• L°°, 

but 

L+(t)(L+)*(s) = xt(x)e i(t - s)P/h xt(x)- 
That is, we need only construct a parametrix supported for x e, and for initial 
data supported for x ^ e. 

Lemma 4.1. There exist constants C > and a > suc/i that for any uq g L 1 HL 2 , 
we ftaue 

||L + (*)(L+)*(s)tio|| £ - ^C(|t-.s|/ l )- 1 / 2 || Uo !|L 1 , 
/or |s| ^ a/i _1 . ^4s a consequence, 

\\L(t)u \\ Kh _ iLq < ft-^HuolU" 

/or 

2 1 1 „ 

- + - = -, 2s^g<oo. 
p g 2 

Proof. The proof is simply to observe that L + {/)(L + )*(s) is equal to a non-trapping 
cut-off propagator, and hence obeys a strong dispersion and perfect Strichartz es- 
timates according to |BT08j . 
To see this, let 

A(xy 2 = x{x/e)x- 2 + (1 - x(x/e))A~ 2 . 
The function A agrees with A for large x and agrees with x for small x. Then 

g = dx 2 + A 2 (x)d9 2 , x^O 
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is an asymptotically Euclidean metric, which agrees with the Euclidean metric near 
x = 0. In fact, since g was a short-range perturbation of the Euclidean metric as 
x — > +00, so is g. In addition, we claim that for e > sufficiently small, g is a 
non-trapping perturbation of the Euclidean metric. To see this, we examine the 
geodesic equations. Let p = £ 2 + A~ 2 (x)ri 2 , and compute the geodesic equations: 

f ± = 2£, 

I e = 2i'i-v, 

I = 2A V , 

U = o. 

Consider a unit speed geodesic with p = 1. Since n remains constant, then cither 
i] = 0, in which case £ = ±1 and x — > ±00 uniformly, or 77 ^ 0. If £ = 0, then 
necessarily (A~ 2 (x))' = and x is stationary, but 

(A~ 2 (x)Y = -2 X (x/e)x- 3 - 2(1 - x(x/e))A^- 3 + e^x' (xe)(x~ 2 - A' 2 ). 

But A' > away from a; = 0, x~ 2 2> A -2 for x > sufficiently small, and x' ^ 
for x > implies (A _2 (a:)) / < for a; > 0. Hence there are no parallel periodic 
geodesies. 

It remains to show that every other trajectory escapes to infinity. But since 
£ ^ c~ 1 x~ 3 n 2 , comparing to the non-trapping conic metric with 

i = 2£, 

£ = C~ 1 X~ 3 7] 2 

implies that every other trajectory is non-trapped. Then following Bouclet-Tzvetkov 
|BT08| . we get that 

L+ :L 2 -> L p , x L q , a > 0, 

ah 1 ' ' 

is a bounded operator for (p, q) in the specified range. A similar estimate holds for 
L~ , and hence L, and hence for any e > sufficiently small, we can construct a 
parametrix to get perfect Strichartz estimates for \x\ ^ e. 

a 

4.4. The parametrix for Shi(t). The operator S^t) is the propagator localized 
to small |x| ^ 2e and high frequencies \P — 1| ^ e 2 , and ±£ ^ 1 — l^(x). In order 
to estimate Shi(t), we employ a similar argument. We first decompose Shi{t) = 
S^(t) + S^ { (t) into a part supported in ±£ > 0. The point of the next lemma 
is that singularities propagate out of this region quickly, depending on the initial 
frequency. 

Lemma 4.2. There exist constants a, n > such that 

X + (\t - a\hD x /Ke)S+(t)(S+r(a) = <D{h°°) 

in any seminoma, provided \t\,\s\ ^ ah" 1 

There exist constants C > and a > such that for any u E L 1 Ci L 2 , we have 

\\SUt)(S^*^)ML T <C(\t-s\h)- 1 / 2 \\u \\ L ,, 

for \t\, \s\ ^ ah" 1 . As a consequence, 

||S M (t)uo||i» < Ch-V'WuoWv 
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-, 2 < q < oo. 



< 



for 

2 1 _ 1 

P + 2' 

Proof. As usual, we consider the Hamiltonian system associated to p: 

'x = 2£, 

i = -v'(x), 

x(0) = y, 
U(0) = r?, 

where now |x|, \y\ ^ 2e and T) ^ e. Then a simple computation shows that in this 
region |V"(x)| = C^e 2 ™" 1 ) and \V"(x)\ = C(e 2r ™- 2 ). Hence if t = 0(1), we have 

£ = t? + ©(e 2 ™- 1 ) = + G(e 2m - 2 )), 

since 77 ^ e. Hence 

i = 2y ? (l + 0(e 2m - 2 )), 

so that 

a; = y + 2tr / (l + 0(e 2m - 2 )), 
provided i = 0(1). This implies in particular, that for any \t\ ^ Ce/rj, we will have 
|x| ^ 2e, so that we have propagated out of the region of interest. Again, by virtue 
of a TT* argument, we are interested in both initial data and paramctrix localized 
in \x\ ^ 2e,£ ^ e, so we need only check the estimates on the phase function for 
\t\ ^ Ce/ V . 

We check the invertibility of the map y 1— > x(t): 



sup 

\t\^Ce/v 



dx 
dy 



(t) 



< l 



Ce/r, 



(Ce/ V -s)\V"(x)\ 



d.v 

dy 



00 



ds 



sC l + 0(e 2 /77 2 )0(e 2m - 2 ) sup 

\s\^Ce/ V 



which implies 



sup 

|t|<Ce/ij 



dx 
dy 



(*) 



sC 1 + 0(e 2m ~ 2 ) 



Similarly we compute the lower bound: 



inf 

|t|<Ce/tj 



dx , . 



> 1 - 2 



(Ce/r,-s)\V"(x)\ 



ds 



> 1 - 0(e 2 /r] 2 )0(e 



2m— 2 



) sup 



(9y 



> 1 -0(e 2m - 2 ), 

using our previously computed upper bound. Hence in the range in which we are 
interested, dx/dy is uniformly bounded above and below by a constant, provided 
e > is chosen sufficiently small. 

It is now a routine computation to construct the WKB amplitude and compute 
the dispersive estimate for \t\ ^ Geji). After that time, the /i-wavcfront set of 
a solution is outside the support of the cutoffs in Shi(t), so that any paramctrix 
approximation is 0(h°°). Summing over such parametrices yields the dis- 

persive estimate for \t\ s; uhT x . and the associated Strichartz estimates. 
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A similar computation works for Shi(t) localized to £ ^ — e, which proves the 
lemma for Shi(t). 

□ 

4.5. The parametrix for Sio,o,o(i)- The operator Si ,o,o(*) is the propagator lo- 
calized to small frequencies |P— 1| ^ e 2 or \P — 1| ^ e 2 with |£| ^ 1 — V(x), as well 
as localized to a small /i-dcpcndcnt spatial neig hbourhood \x\ Sh 1 / 1 -" 1 ^. This 
is the region which contains the trapping. We observe that all of the S\ operators 
have \x\ ^ e, which implies in addition that |£| ^ 2e, say. 

We are now interested in constructing a parametrix in the set {\x\ ^ §h 1 '( m+1 >, |£| ^ 
e}. For this, we use the following /i-dependent scaling operator: 

T h u(t,x) = h' l ^ m+ ^u{h^ m -^^ m+l h.,h~ l ^ m+1 ^x). 

The purpose of the prefactor of /i _1 /( m+1 ) , different from the usual scaling prefactor, 
is to ensure that ||T^u||^i = since in our final dispersion estimate, this is 

how the initial data will be measured. We compute: 

T^ihDt - h 2 d 2 x + V[x))T h = (h^-V/^+^hDt - h- 2 ^ m+ ^h 2 dl + V(fc 1/(m+1) a;)) 

= h 2m ' { - m+1 \D t -dl + V{x ] h)), 

where 

V(x;h) = h- 2m ' {m+l W{h l ' {m+1 ^x). 

Remark 4.3. Similar to the the techniques in the paper |CW11| . conjugation by 
the scaling operator Th is an inhomogeneous "blowup" procedure. However, the 
blowdown map B is now time- dependent and takes the form 

B(t, T, X, £) = (h^- m ^^ m+1 h, h 2m ^ m+1 ^T, h^^+^X, h m ^ m+1 ^). 

That is, we are blowing up the (r, coordinates and blowing down the t coordi- 
nate at the same time. Observe that the blowdown in t does not cause a problem 
with the calculus since the operator P is independent of t. Then indeed, according 
to the calculus developed in jCWllj . <Jh(P) = t + £ 2 + V(x) in the h calculus, while 
T l ~ 1 PT h has symbol 

P! = (h 2 W(™+l) T ) + ^m/(m+l)^2 + y (ftVCm+l)^ 

in the 1-calculus, or scale-invariant calculus. Factoring out the / l 2m /( m + 1 ) as above 
results in a singular symbol in the scale- invariant calculus (see Figure [5]). However, 
the special structure of V allows us to construct a reasonable parametrix where 
V' is extremely small, and where V is large, wave packets propagate away in a 
controlled fashion. This is made rigorous in the following constructions. 

Denote P = D t — d 2 + V(x; h), where 

V(x;h) = ^- 2m /( m+1 V(/i 1/(m+1) a;). 

We break the parametrix construction into two sets, where V is small (and hence 
this region contains the trapping), and where V is large, which we reserve for the 
next subsections where we estimate S io j ± (t) . 

We want to now construct a parametrix for P on the set 

Ol < 5, |£| < 2/i" m/(m+1) , \t\ ^ 1}, 
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5 

Figure 2. The phase plane in the blown up coordinates. The 
invariant curves are given by = {£ = \J C 2 — V(x), with £ 2 
^-2m/(m+i)_ rpjjg b oxcs represent the /i-wavefront set of a wave 
packet after rescaling (x,g) i-> (h~ 1/( - m+1) x,h- m/( - m+1) ^), but in 
the 1-calculus. 



but in the 1-calculus (scale-invariant). Then if w(t, x) is such a parametrix, v(t, x) = 
T h w(t,x) is a parametrix for P on the set {\x\ < |£| <c e ,\t\ ftC 1 -™)/^™)}, 

as required. 

Lemma 4.4. There exists a > and a phase function tp(t, x, rj) satisfying 

(tp t + <p t a , + V(x;h)=0, 

\tp(0,X,Tl) = XT] 

for \x\ (5, |ry| 2eh~ m /( m+1 \ and \t\ ^ a. 
We further have 

<p m ~ 2t(l + 0(f)), 

and 

^ x = 0(te 2m " 2 ) 

/or |i| $J a. 

Proof. The proof is by the usual Hamiltonian method. We consider q = £ 2 + V(a;; h) 
and the Hamiltonian system associated to q: 

x = 2£ 

(4.3) U = -9 x V(x-,h), 

] !B(0) = tf, 

,e(o) = r?. 



STRICHARTZ ESTIMATES WITH LOSS 



IT 



Now the potential V(x; h) has been computed above, and satisfies 

-d x V(x; h) = -d x (V 2m/(m+1) (l + ( h l/(m+l) x ^myl/m + ^/(m+lJ^l/Cm+l),^ 

= 2/i~ 2m/(m+1 v /(m+1) (/i 1/(m+1) x) 2m ~ 1 (i + (h 1/{ - m+1) x) 2m y 1/m ^ 1 

+ 0(/r V(m+l) ((/l l/( m +l) a , ) 2rn-3 ) _ 

For |x| ^ 8 this derivative is bounded, and has the same sign as x. Let us denote 
B(x) = —d x V(x;h) to avoid cumbersome notation. 

In order to apply the usual Hamilton- Jacobi theory, we need to show that dx/ dy 
is uniformly bounded above and below by positive constants on some interval \t\ 
a, so that we can invert the transformation y \-¥ x(t) to get y = y(t, x). Then using 
(x, rj) as coordinates instead of (y, rf) proves the first part of the Lemma. We write 

x(t) = y + 2tr] + [ (t - s)B(x(s))ds, 

and compute 



^(t) = l + j\t-s)B'(x(s))^(s)ds. 



We know 



>-*• 

and B'(x) is non- negative in a neighbourhood of x — 0, so the integral in the above 
expression is positive for |x| ^ 5 and \t\ ^ a sufficiently small. Further, B' is 
bounded for \x\ ^ 8, so the integral expression is also bounded above for \t\ ^ a. 
Hence by restricting |x| and \t\ to fixed, bounded ranges, we conclude the map 
sending y t— > x(t) is invertible, and this completes the proof of the first assertion. 

We observe that, by construction, ip v (t,x,r)) = y, so that to compute ip vv , we 
need to compute 

dy dy dx 
dr] dx drj 

We have already shown that dy/dx is bounded above and below for \t\ ^ a, so we 
compute 

«2i + [\ t -s)B'(x(s))^(s)ds 
or] J dr] 

= 2i + 0(t 2 )sup^. 

or] 

This implies 

dx 

sup — (t) < 2t(l + 0(t)). 
|t|<a or] 

Plugging this into the integral expression above yields 

inf ^±^2t(l + 0(t 3 )). 
\t\<a dr/ 

Finally, since the intertwining relation gives tp x (t,x,r]) = £, we have 

Vxx = d y £d x y 
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in the notation above. We have already shown that d x y is bounded above and 
below by a positive constant for \t\ a, so we just need to compute 

dyt = dy I V'(x( S ))dS 



V"(x(s))d y x(s)ds 
= 0(tx 2m - 2 ). 
This is the last assertion in the Lemma. 



□ 



We now construct the amplitude for the parametrix for the operator Si ,o,o(*)- 
This, combined with Lemma 14. 4| will be used to compute a dispersion estimate, 
resulting in a Strichartz estimate. The problem is that, since we are working in 
a marginal calculus, the error terms in our parametrix are just too large. For 
example, the error term tp xx ~ tx computed in Lemma 14.41 rescales as 

Thfxx ~ f l (m-^)/(m+l) th -(2 m -2)/(m+l) x 2m-2 ^ fe (l- m )/(l+m) fa 2m-2^ 

This operator, when composed with the appropriate oscillatory integral, yields an 
L 2 bounded operator for each t, \t\ ^ / l ( 1 - m )/( m + 1 ). However, to apply an energy 
estimate or a local smoothing estimate, we either have to integrate in time (now an 
interval of length ~ /j( 1-TO )/( 1 + m )) ) or pull out a factor of x m ~ x to apply Theorem 
[21 In either case, we lose a factor of /i( 1-m )/ 2 ( m + 1 ). Hence at this point we must 
accept an ft > loss in regularity by restricting our attention to a slightly smaller 
time interval. Then the "lower order" terms in the amplitude construction will 
actually gain powers of h. 

We are interested in constructing a parametrix for the operator 5i ,o,o(i)5 1 * o o( s )- 
We have constructed a phase function ip(t, x, £) in rescaled coordinates, assuming 
appropriate microlocal cutoffs. That is, we have constructed the appropriate phase 
functions to approximate the operators 

T^ 1 5*10,0,0 (t) 5*1*0,0,0 ( s ) = 5*10,0,0 (t - s)x*, 

where x* is the appropriate microlocal cutoff. We have not yet computed the 
amplitude. Recalling the transport equations in the /i-calculus (|4.2p . the transport 
equations for the amplitude B in the rescaled 1-calculus coordinates become 

D t B + 2<p x D x B - i(p xx B - d 2 x B = 0. 

The standard technique here is to guess an asymptotic series, however, there is 
no small parameter, so we instead modify our ansatz to take advantage of the 
Frobenius theorem. 

That is, the Frobenius theorem guarantees the existence of a function T(t,x), 
depending implicitly on the frequency £, satisfying 



(d t T + 2(p x d x T = 0, 

1 r(o,x) = x. 
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We then construct B = J2f=o Bj f° r sufficiently large K to be determined (inde- 
pendent of h) with 

(b = i, 

\Bj — ~ fo <PxxBj-i\( s x(t- s ,x)) + iBj-i,xx\( s ,r(t-s,x))- 

An induction argument shows that Bj = 0(t J ) for each j, since we are in the scale 
invariant calculus. 
Then 

w(t,x) = (27T)" 1 J e^ t ' x ^-^B(t,x,OxAy,D y ywo(y)dyd^ 

solves 

jPw = E, 

where 

X, = T- 1 ^o(x//i 1/(m+1) )(l - 1 {±wj . > i_v(x)}(1 - XA(P - l))))Xe(x)T h 

is the appropriate microlocal cutoff, and the equation is understood to make sense 
for \t\ ^ a. Here, the error E is given by 

E= i^y 1 J e i ^ t ' x ^- i yH-dlB K -icp xx B K )x*(v,D y )w (y)dyd^. 

That is, E is an oscillatory integral operator with the same phase function as w, 
and amplitude A(t, x, £) satisfying 

\d k x d\A\ < C kl t K , 

and hence, according to the next Lemma, satisfies 

\\E\\Li=O{t K )\\ X *w \\ L .. 

Lemma 4.5. Suppose T(t,x,£) £ C^°<So,o * s a smooth family of symbols with 
bounded derivatives, and let F{t), ^ t ^ a be the operator defined by 

F{t)g{x)= [ e^ t ^-^T(t,x,Ox*(y,D v )g(y)dyd^ 



where tp is the phase function constructed above and x* is the appropriate microlocal 
cutoff. Then 

sup \\F(t)g\\ L ^C\\g\\ L *. 

Proof. Let us work microlocally to avoid continually using microlocal cutoffs, and 
therefore assume the appropriate microlocal concentration. The L 2 boundedness 
of F(t) is equivalent to the L 2 boundedness of F(t)*, which follows from the L 2 
boundedness of F(t)F(t)*. The operator F(t)F(t)* is easily seen to have integral 
kernel 

K= [ e^ t ' x ' i) -^ t ' x '* ) r(t,x,£)r(t,x',€)dz, 



where again we are implicitly assuming appropriate microlocal cutoffs. 
By stationary phase, this integral kernel has singularities when 

dt{<p(t,x,O-<p(t,x?,O)=0, 
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which is when (using the notations from the phase construction) 

Let us assume that x x', so that we want to compute where 

{x-x')(d x y\ x + 0{dly{x-x'))). 

Now due to the microlocal cutoffs we have that x and x' are both small. By 
the inverse function theorem and the boundedness of d x y , we need to estimate d 2 x 
in the Hamiltonian systems used to construct the phase functions. We compute 

d 2 y x = - f\v'"(x)(d y x) 2 + V"{x)B$x)d8, 
Jo 

and estimating the first term by c for a small constant c and solving for sup d 2 x 
shows that 

\0(d 2 x y(x-x'))\^c\ 

where c' > is a small constant depending on our previous choices of e, S, and w. 

Iterating this argument for other powers of (x — x') shows that the singularities 
of the integral kernel lie on the diagonal \x — x'\ = 0, so the integral kernel defines a 
order pscudodiffercntial operator with symbol in the class Sq,o- By the Caldcron- 
Vaillancourt theorem, the L 2 boundedness is established. 

□ 

If we now take v — T^w, we see 

Pv = T h T- l PT h w 
= h 2m ' {m+1 ^T h Pw 
= E, 

with initial conditions 

v(0,x) = T h w(0,x), 

and where 

E = h 2m/(m+1) T h E. 

A simple computation shows that HTX/H^a = /i _1//2 ' m+1 ' ) ||/||L 2 i so that if we now 
restrict attention to the smaller (rescaled) time interval 

for some small fixed ft > 0, we have 

Sup 11^1^2 = /j(4m-l)/2(m+l) gup ||^|| i2 

CKt^a/i( 1 - m >/<™+ 1 )+> 9 O^t^ahP 

<Ch 2m/( m+ l) hfi K^ x * Voh ^ 

Here, in the above computations, we have suppressed the variables of the microlocal 
cutoffs \*i which are understood to be evaluated in the phase space variables of 
the appropriate scale. 

The following lemma contains the dispersion and Strichartz estimates for the 
operators 5*10,0,0 (t). 
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Lemma 4.6. The parametrix v(t,x) satisfies the dispersion estimate 

\\x*v\\l~ < C{ht)-V 2 \\xv4 L ,, 
where 0<t^ ahP-- m ^ { - 1+m \ as well as the corresponding Strichartz estimate 

for 

2 1 1 

- + - = -, q < oo, 
p q 2 

and constants independent of h. 

The cutoff propagator S^o.o satisfies 

\\Slofi,o\\ L ^Ll ha _ mmi+m)+0 L« < Ch^/P, 

and 

||5 lo , 0l o|U>^ n . L ,<Ch-W*, 
for (p,q) in the same range and constants independent of h. 

Remark 4.7. Observe that the parametrix satisfies good Strichartz estimates all 
the way up to the critical time scale t ~ fi( 1 -"v/( m + 1 ) ^ but we are only able to 
conclude that the propagator obeys perfect Strichartz estimates on a slightly shorter 
time scale, or obeys Strichartz estimates with a small loss on the critical time scale. 
This is an artifact of working in the marginal calculus and trying to make error 
terms small in h. 

Proof. We have 

v(t, x) 

= T h w(t, x) 

= T h (2n)- 1 f e^ t ^-^B(t,x^)x:(y,D y ,h)w (y)dyd^ 



= / 1 -i/(™+i)(2 7r )- 1 / e i¥>(h (m - 1)/(m+1) t,/ l - 1 /f m + 1 >x,0 



. e -*«e B ( ft (m-i)/(m+i) tj h -m™+V Xt Q x l(y t Dyi h)w Q {y)dydt, 

= (2nh)- 1 f e^ x ^^/ h B,(t,x,OT hX :(y,D y7 h)w (y)dydt 

where we use the notation 

<p*(t, x.0 = ^(^ (m - 1)/(m+1) t,/i- 1/(Tn+1) x,/i- m/(m+1) 0, 
and similarly for B. We rewrite this expression as 

Vi r (t,x)= / K i ,(t,x,y;h)x*v irt0 (y)dy, 
Jy 

where 

K*(t,x,y;h) = (2nh)- 1 f e^^ x ^y^ h B^ (t,x,Ox+(yA;h)dZ, 

and 

X*v+, (y) = T h x$(y,D y ,h)w (y). 
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We have already computed the derivative properties of the functions tp and B in 
order to apply the lemma of stationary phase (with h as small parameter). The 
unique critical point is at 

so the leading asymptotic is 

(27Th)-^\dl(h^(t,x,0-y0r 1/2 

= (27r/i)" 1/2 |/i/i" 2m/(m+1 V«|(/ 1 (n.-i)/( m +i)t^-i/(".+D 2: ,/ l -™/(-+i){) 
~ h- 1 / 2 \hh~ 2m/(m+1) h {m - 1)/(m+1) t\~ 1/2 

= M" 1/2 , 

as claimed. The Strichartz estimates follow immediately. 

We now estimate the difference between the propagator and the parametrix in 
the norm to prove that the actual propagator has the correct dispersion, at 
least on a slightly shorter time scale. Let u(t,x) = S\ fifi(t)vo(x), so that 

UhD t + P)(v-u) = E, 
\(v-u)\ t=0 = 0. 

Since the propagator and the parametrix are compactly essentially supported in 
frequency on scale hr x we have the endpoint Sobolev embeddings: 

sup \\v — u\\l°c ^ /? _1/2 sup ||« — u\\l2. 

|t|sSa/i< 1 - m >/( m + 1 >+' 3 |t|^ah( 1 - m >/< m + 1 > + ' 3 

Let the energy 8{t) = \\v — u\\ 2 L2: and compute 
£' = 2 Re % - J E(v - u)dx 

< ft- 1 fc< 1 - Tn >/< m+1 >+0||£;||| 3 + h^-V/^+V+Pg, 
and hence by Gronwall's inequality, 

£{t) C/i- 2m/(m+1)+ ^||S|| 2 ?L 2 

<f7/l (l-3m)/(m + l)+ 2 ^| S ||2 
^ ^l +2 (K + l), ||x>o|| 2 2 

^ch 2 ^^\\ x : Wo \\ 2 Ll . 

We finally conclude 

sup \\v - u|| i? < Ch-^x+^Wxtwohi 

|t|^afc(i-™)/('"+i>+<3 

provided \t\ ^ a ft,(i-™)/(™+i)+£ an d K is sufficiently large that 

-\ + {K+l)P> 

2 to + 1 2 

The Strichartz estimates for <Si ,o,o(£) follow immediately. 

□ 
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4.6. The parametrix for S^ j + (t). The operators 5j£ - + (t) are the propagator 
localized to outgoing frequencies —ax m ^ £ ^ 2e in the spatial interaction region 
{ < 5/ l 1 /(™+ 1 )/2 ^ ±x ^ 2e}. We have divided the spatial interaction region into 
/i-dependent geometric regions; ■ + (t) is localized to 

x g h^+^Ij := [^/(m+i)^^ -t^-aj^VC^^+i+wi-i)]. 

The symbol x((£ + ax m )/^x m ) is invariant under the rescaling operation, so after 
applying the rescaling operators, we are interested in constructing a parametrix in 
the regions 

-ax m < 2e^ m/(m+1) , x £ Ij. 

When the derivative of the effective potential V is large, singularities propa- 
gate away quickly, however not uniformly so. We introduce a loss by constructing 
log(l//i) parametrices, and by eventually restricting our construction to sub-critical 
time scales. 

We now compute how long it takes a wave packet to exit the interval Ij . Write 

Ij = [yj,yj] := [S(^ - u^ 2 ), 6(J +1 + u,^ 1 )], 

and fix an initial point (y, 77) with y € Ij, 77 ^ —a(y^~) m . Then recalling the 
Hamiltonian system (|4.3[) . we have 

x{t) > y - 2to(y+) m > lj/7 

as long as 

y7(yt)- m 
4a 

We have 

yi = yj(u + 0(u>- 1 )), 

so that x(t) ^ 2/j~/2 provided 
In this case, 

-d x V > {y-/2) 2m -\ 

which in turn implies 

i > -a(yp m + tiyjm 2 ™- 1 > b{yjT, 

provided 

t > 2 2m - 1 {au m (l + Oiuj- 1 )) + b)(y~) 



1— m 



Choosing a, b > sufficiently small means we can assume 77 ^ 6(y . ) m after a time 
comparable to at most (j/7) 1_m - 
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We now compute how long it takes to leave Ij assuming y 6 Ij and rj b{y^ ) T 
We have 

x = y + 2tr\ + [ (t- s)B(x(s))ds 
Jo 

>y- + 2tb(yr)™+ f (t-s)B(y-)ds 
Jo 

>y7 + 2tb(y-r + lt 2 (yT)^ 



provided 



t > (yj) 1 -'" 1 [ -2b + J\b 2 + 2{y+/yj - 1] 



which is again comparable to (y^ )* m . 
We now estimate for t = a(y~ 



l , for a > to be determined: 



d.v 
dy 



it) 



<1+ / (t-s)(4m-2)(y+) 



2m -2 



ds 



dx 
dy 



(t) 



^ 1 + (2m - l)t 2 (y+) 2m - 2 



3 

d.v 



dx 
dy 



(f) 



dy 



(*) 



^ 1 + C U) m^ a ,bOt 2 

Choosing a > sufficiently small (but independent of h) shows that 

s$ C 



dx , . 

% (t) 



uniformly for t in this range. 

With this estimate in hand, we can compute dx/dn = 2i(l + 0{t)) as usual, 
which results in the following Lemma. In practice, we need to gain some powers 
of h in our parametrix construction, so we only construct the parametrix up to 
time t ~ /i e ^ 2 (y^) 1_m for a small e > 0, and then iterate Ch~ e times. After time 
t ~ h^ t / 2 (y~) 1 ^ m then the wavefront set will be outside the interval Ij. Let us 
state the following lemma for the short h- independent time scale ^ t ^ a(y^~) 1_m ; 
we will worry about summing over the /i-dependent number of time intervals after 
constructing the amplitude. 

Lemma 4.8. There exists a, a > 0, and uj > 1 independent of h and j such that 
for each ^ j ^ 0(log(l/h)), there is a phase function tp(t,x,£) satisfying 

(<Pt + (f% + V(x;h)=0 t 
\tp(0,x,ri) = XT) 

forx 6 Ij, -a{y+) m sC £ 2eh-" l / ( - m+1 \ and \t\ ^ a{yj) l - m . 
We further have 

cp m ~ 2t(l + 0(t)), 

for\t\^a(yTy-™. 
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J 

x 2km-2j-l | 
Kk=l 



We now construct the amplitude for the parametrix for the operator ■ + (t) . 
This, combined with Lemma 14.81 will be used to compute a dispersion estimate, 
resulting in a Strichartz estimate. The problem is that, just as in Subsection l4.5l we 
are working in a marginal calculus, so to construct the amplitude as an asymptotic 
series, we must restrict the range of t to depend mildly on h. 

We again appeal to the Frobenius theorem to get a function r(i, x) (again im- 
plicitly depending on the frequency £) satisfying 

(dtT + 2(p x d x T = 0, 
1 r(0,a;) = x. 

We then construct B = X^jLo Bj f° r sufficiently large K to be determined (inde- 
pendent of h) with 

[Bj = — J Q 9 ? a:a;-Bj-l|(s,r(t-s,a;)) + iBj-l,xx\(a,r(t-a,ai))- 

A tedious induction argument shows that Bj satisfies 
Then 

w(t,x) = (27T)- 1 J e W*,Q-*y<B(t,x,Z)x{v,Dv)*wo<3j)dydZ 

solves 

jPw = E, 

\w(Q,x) = x*(x,D x )*w (x), 

where 

X, = Tfc V(±a^/fc 1/(m+1) )(l - l {±hDm>1 - Y(fl)} (l - xM(P - m)Xe(x)T h 

is the appropriate microlocal cutoff, and the equation is understood to make sense 
for \t\ ^ a.{yj) l ~ m . Here, the error E is given by 

E = (27T)- 1 J e M*.».0-toC(_fig Bjs . _ iy xx B K ) X *ty, D y )w {y)dydt 

That is, -E 1 is an oscillatory integral operator with the same phase function as w. 
Having computed the symbol of the error term E to be —d x Bx — iip xx Bj^, in the 
rescaled coordinates we have for \t\ ^ /i ,3 / 2 |a;| 1 ~' 1i , 

(K+l 
\ 1=1 

/K+l \ 
= I V / l ('+^)/3/2| a ,|(m+l)(i--ff)-2 

= o(fe d+J0/i/»| s |«-i) 

in the worst case when I = K + 1. Now since |a;| ^ ft, -1 /( TO+1 ), this error term is of 
order O(h (1+K)0/2+< - 1 - m ' )/( - 1+m) ), which is small as K gets large. 



-%B K -i<p m B K = 0[Y l \t\ l+1 
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If we now take v = Thw, we see 



with initial conditions 
and where 



Pv = T h T^PT h w 

= h 2m ^ m+l ^T h Pw 
= E, 

v(0,x) = T h w(0,x), 



E = h 2m/{m+1) T h E. 
A similar computation to Subsection 14.51 shows 

sup \\E\\ L 2 ^Ch 2m ^ m+1 \^ l+K ^ 2+ ^- m ^^ +m \\x:v4 L 2. 

0^t^ahl 3 / 2 \ y r\ 1 - m 

The following lemma contains the dispersion and Strichartz estimates for the 
operators . + 

Lemma 4.9. The parametrix v(t,x) satisfies the dispersion estimate 

\\ X *v\\ L oo < C{ht)- x f 2 \\xv \\ L i, 
where < t ^ ah^^ 2 \y~\ x ~ m , as well as the corresponding Strichartz estimate 

for 

2 1 1 

- + - = -, q < oo, 
p q 2 

and constants independent of h. 

The cutoff propagator S^ j + satisfies 



on 



d 



for (p-,q) in the same range and constants independent of h. 

The proof is exactly the same as the proof of Lemma 14.61 with the exception 
of the different time interval. If we sum over h^ 13 intervals of length h^/ 2 \yj\ 1 ^ m 
results in an interval of length h~^l 2 \y~ | 1_m . According to Lemma T4. 81 (combined 
with the Egorov theorem in the h^ x / 2+ ^ calculus), after this time the parametrix 
and the error are both 0(h°°). 

4.7. Proof of Proposition 13.21 In this subsection, we see how to use the com- 
puted Strichartz estimates plus the local smoothing from jCWllj to prove Propo- 
sition 13.21 

From the semiclassical Strichartz estimates, if we let v(t,x) = vik(th,x) as in 
Proposition 13.21 and rescale appropriately, we get 

Hxm-IL-^ ^c p \\ (kfv? k \\v>, 

for T ^ ek~ 2 /( m+1 ' , and where x G is an y smooth, compactly supported 
function. Recall that according to Lemmas 14. 1[ we already have perfect Strichartz 



STRICHARTZ ESTIMATES WITH LOSS 



27 



estimates for (1 — x) v ik if X = 1 near x = 0. Further, by Lemma 14.21 we have 
perfect Strichartz estimates for large frequencies and small x: if "0(C) = 1 near 0, 
x(l — h 2 A))vik obeys perfect Strichartz estimates. 

Let x an d V 7 be such cutoffs. In order to estimate xV^zfci we employ a duality 
trick (see |BGH10| ) together with the local smoothing estimates from [CWllj . Let 
<p{s) £ be a compactly supported function such that 

fe 2/(m + l) 

]T if(k 2 ^ m+1 h-j) = l, 0<t<e. 

3=0 

Set J7j = ip(k 2/im+1 h - j)xi>v jk . Wc have 

(A + p fe )^- = + w;\ 

where 
and 

W/ = ^(x" + 2x'5x)V^- 

The important thing to observe is that W'J is supported away from x = 0, so 
the standard 1/2 derivative local smoothing estimates hold (see Theorem [2]). Let 
Xi € satisfy xi = 1 on suppx, and xi <= satisfy X2 = 1 on suppx', suppx2 
away from x = 0. We have xiUj = Uj, xiWj = Wj, and X2W" = W" . Using the 
Duhamcl formula, set 



and 



U" = xi 



(j-l)efe- 2 /(™+ 1 ) 



0-l)efc-2/(">+ 1 ) 



e -^-^)P fcxi w'( s ) dS) 



- l(t - S)Pfc X2^''(s)rfs, 



so that t7' + U'j' = Uj . By the Christ-Kiselev lemma |CK01j , it suffices to consider 



V, = Xi 



+ l)£fc- 2 /< m + 1 > 



(j-l)efc- 2 /<™+ 1 ) 



<t-°) p * Xl W'As)ds, 



and similarly for W? . Let / = [(j - l)efc- 2 /( m+1 \ (j + l)efc- 2 /< m+1 )] be the time 
interval in the integral above. We apply the Strichartz estimates to get 



3 lsPk xi W'(s)ds 



'(j-l) e fc- 2 /(™ + i) 

and similarly for W" . The dual estimates to Theorem [2] then yield 
and (again because xi is supported away from x = 0) 



\L 2 "L 2 ' 



^ck - x / 2 \\w''\ 



L 2 L 2 ■ 
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By the Christ- Kiselev lemma jCKOlj . the same estimates hold for Uj and U". 
Squaring and summing in j, using I 2 C £ 2n , yields 

fc 2/(m+l) 

IMI 2 ^ m\\l^ + \\ux^) 

3=0 

fe 2/(m+l) 

^ C (^- 2/(m+1) ii^n^+^- 1 iiw;ii!^) 

3=0 

^ C{k 2 P+ 2, {m+ l) UvAliL2 + k 2 P -l U2 {Dx) Vlkll 2 LiL2) 

<Ck^\\v° k \\h- 
This proves Proposition [321 

5. Quasimodes 

In this section we construct quasimodes for the model operator near (0,0) in 
the transversal phase space, and then use these quasimodes to show the Strichartz 
estimates are near-sharp, in the sense described in Corollary 13.31 

Consider the model operator 

P = -h 2 0l - m-V m 

locally near x = 0. We will construct quasimodes which are localized very close to 
x = 0, so this should be a decent approximation. It is well-known (see [CWllj ) 
that the operator 

Q = -dl + x 2m 

has a unique ground state Qvo = Aoi>o, with Ao > 0, and vq is a Schwartz class 
function. Then, by rcscaling, we find the function v(x) — vo{xh~ 1 ^ m ^' 1 ') is an 
un-normalizcd cigcnfunction for the equation 

{-h 2 dl + x 2m )v = h 2m ^ m+1) X v. 

Complex scaling then suggests there are resonances with imaginary part Cgh 2 " 1 ^ ( m+1 5 
We use a complex WKB approximation to get an explicit formula for a localized 
approximate resonant state, however, as we shall see, it is not a very good approx- 
imation. Nevertheless, since we will eventually be averaging in time, it is sufficient 
for our applications. 

Let Eq = (a + i(j,)h 2m /( m+1 \ a, > independent of h. Let the phase function 

<p(?)= r^+m-v™) 172 ^, 

Jo 

where the branch of the square root is chosen to have positive imaginary part. Let 

u{x) = (y/)~ 1/2 e W/ \ 

so that 

(hDfu = (ip'fu + fu, 

where 

/ = (^) 1/2 (w?)Vr 1/2 

= -h 2 (3 ( , rV02 _i ( , -y»). 
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Lemma 5.1. The phase function (p satisfies the following properties: 
(i): There exists C > independent of h such that 



\lm<p\ < C 



'h{l + \og{x/h 1 / 2 )), m=l, 
h, m > 2. 



in particular, if \x\ ^ CT^/C^+i), | Im<p| < C for some C > independent 
ofh. 

(ii) : There exists C > independent of h such that 

(iii) : 

V = (-E + to^x 2 " 1 ) 1 / 2 , 

y" = ((1 - to- 1 )^ 4 ™- 2 + E(2m - l)x 2m - 2 ) (ip')- 3 , 
In particular, 

f = -h 2 x 2m ~ 2 (fl + 1-) x 2m - (m - I) e] (ip')- 4 - 



^4 2m J \ 2, 

Proof. For (i) we write ip' — s + it for s and t real valued, and then 

E + rrT l x 2m = s 2 - t 2 + 2ist. 



Hence 
so that 

Then 



s 2 ^s 2 -t 2 = ah 2m ^ m+ ^+m- 1 : 



^^2m/(m+l) ^2m/(m+l) 



.2)// 



2 S 2v / /i 2m/(m+1) a + m- 1 x 2m 



| Im<p(a:)| < / <p'(y)dy 



s^C/ h m ' {m+ ^dy + C I h 2m ^ m+ ^y- m dy 



/jl/Cm+l) 



= fo(ft(l+ log^/ft 1 / 2 ))), m = l, 
m > 1. 

Parts (ii) and (iii) are simple computations. 



□ 



In light of this lemma, \u(x)\ is comparable to \p'\ x l 2 , provided |ar| ^ Ch 1 / 2 
when m = 1. We are only interested in sharply localized quasimodes and in the 
case m > 2, so let 7 = choose x(s) € C^°(R) such that x = 1 for |s| 1 

and suppx C [—2,2]. Let 

u(x) = x{x/i)u(x), 
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and compute for g ^ 2: 



In particular. 



and so 



Nil, = / x{xh) q H q dx 

J\x\^2~i 

~ [ x{xh) q W\- q/2 dx 

J\x\^2~l 
^ h l/( m +l) h -qva/2{va+l) 

^ f l (2-qm)/2(l+m)_ 
\\u\\ L 2 ^/ l (l-m)/2(l+m) j 



Further, u satisfies the following equation: 

(hD) 2 u = X ^/l)(hD) 2 u + [{hD)\ X {xh)]u 
= {ip'fu + fu+[{hD) 2 , X {xh)]u 
= (tp') 2 u + R, 

where 

R = fu+[(hDf,x(x/ 1 )}u. 
Lemma 5.2. The remainder R satisfies 
(5.1) \\R\\ L ,=0{h 2m l^ +i y)\\u\\ L ,. 

Proof. We have already computed the function /, which is readily seen to satisfy 

ll/IU»( S upp( fi) ) = o(^ m/(m+1) ), 

since supp (u) C {\x\ ^ 2h 1 ^ m+1 ^}. 

On the other hand, since ||w||l 2 ~ /i( 1_m )/ 2 ( 1 + m ), we need only show that 

\\[(hD) 2 ,x(xh)]u\\ L 2 <: Ch^ m+ ^ m+x \ 

We compute: 

[(hD) 2 , X {xh)]u = -fe W« + 2- 7 ~ 

i 

2.-2.// , / / ^ ^ 



1 \ 2i cp' 



z 



The first term is estimated: 

l|/>W'«IU= = 0(/> 2m/(m+1) )IMUw(,)) = o(^ 3m+1 )/ 2 (™ +1 )). 



STRICHARTZ ESTIMATES WITH LOSS 



31 



Similarly, the remaining two terms are estimated: 



2-7'Y 



2i {ip') 2 



L' 1 



:0(7 l W(m+l) /l l /l (2m-l)/(m+l)^-2m/(m+l))|| u || i2(supp( . )) 
+ 0( ^n/( m+ l)^ m /(m + l) ) || M || i2(supp(s)) 

: 0(ft,( 3 " l + 1 )/ 2 (" 1 + 1 )). 



□ 



5.1. Saturation of Strichartz estimates. In this subsection, we study Strichartz 
estimates for the separated Schrodingcr equation given the specific choice of initial 
conditions in the form of quasimodes. 

Now it is well known that for any fc, there exists a spherical harmonic v k of order 
k which saturates Sogge's bounds (Theorem [3]) : 



-A s «v k = {k){k + d- l)v k , Hvfclli^D/cd-i) ~ k^/ 2 ^\\v k \\ 



L-- 



— 1/2 

Let Afc = k(k + n — 2), k 3> 1, h = X k , let u be the associated transversal 
quasimode constructed in the previous section, and let 

<Po(x,6) = v k (9)u(x). 

Let tp(t, x, 9) — e ttT ifo for some r G C to be determined. Since the support of u 
is very small, contained in {|x| ^ /i 1 /( m + 1 ) j «}, we have 



A' 2 = (I + x 2m )- 1/m = 1 - —a 

m 

on suppw. Then 

(A + A)tp = P k tp 

= {T-D 2 x -A- 2 X k -Vi(x))(p 



0{h 



4m/(m+l) 



tXi 1 - (X^Dl + 1 - -a; 2m )) u + 0{k- 2 )u 



= X k e ltT e lke 

= X k e ltT e lke [(tA^ 1 - 1 - E ) u + R + 0{k~ 2 )u] , 
where R satisfies the remainder estimate (|5.1[) . Set 

r = A fc (l + E ) = X k (l + afc- 2m /( m+1 )) + ^fc 2/( '" +1) (l + Oik" 1 )), a,^>0 
so that we have 

f{D t +A)<p = R, 



with 
(5.2) 



[tp{0,x, 6) = (fi 
R = X k e ltT v k (R(x, k) + 0{k- 2 )u). 



:S2 
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We compute the endpoint Strichartz estimate on an arbitrary time interval [0, T] 
with p = 2, q = 2* = 2n/(n - 2) for n > 3: 



lvlli»([o,2l)£« = / lle^^olll,^ 
o 

fT 

„— 2iImT||,„ ||2 i; 
2 _ g-2TImr 



2Imr 



IVollia 



^ _ e -2TImr 

2Imr IIVo|li * 

^ _ e -2TImr 



2Imr 



J u(l-2/g)/(TO+l) j u(n-2)/n||~||2 II,,. Ip, 

K K II"IIl 2 (r) II v fe II i 2 (si- 1 ) 



^fc 2 "(™^||^lli 2 

(5.3) ~ IK-Asn-O^Voll^, 

where 

r?(m, n) = — — fm [1 1—1 

' v ; 2(m+l) V V n 

Now let L(t) be the unitary Schrodingcr propagator: 

((D t + A)L = 0, 
\L(0)= id, 

and write using Duhamel's formula: 

ip(t) = L(t)tp + i / L(t)L*(s)R(s)ds =: <p h + ip ih , 



where tp^ and ip-^ are the homogeneous and inhomogeneous parts respectively. We 
want a lower bound on the homogeneous Strichartz estimates, for which we need 
an upper bound on the inhomogeneous Strichartz estimates. 

Let us now assume for the purposes of contradiction that a better Strichartz 
estimate than that in Corollary 13 . 31 holds for all (3 > 0. That is, we assume for each 
(3 > 0, there exists Cg such that 

WL^uoWmio.T])^ < Cp\\ (-A § »-i) r+/ Uo||i2, 

for some r < ry(m, n)/2. 

In dimension n = 2, we take as usual p > 2, 2 ^ q < oo, and we immediately 
arrive at a contradiction to the scale-invariant case. 

For dimension n 3, we take f3 > sufhciently small that r + /3 < ?y(m, n)/2, and 
we then have the complementary inhomogeneous Strichartz estimate: if v solves 

((D t +A)v = F, 
\«(0)=0, 

then 

II w IIl2([o,t])l2* < C|| (-A s „-i) r+/? F|| i i ( [ 0iT ] )L 2. 
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For the inhomogeneous part corresponding to our quasimode initial data, we 
have F = R, with R computed in (|5.2[) . Then 

\Wiii\\L 2 ([0,T})L 2 * 

^ CT 1 ' 2 \\R\\ L 2^ t ^l2 

( rT 



1/2 



^ Ck 2 k~ 2m ^ m +^ 



-2tlmr 



1 



(-Agn-x)^ v k (R(x, k) + 0(k- 2 )u)\\ 2 L2 dt 

-2TImr\ V 2 



-Ag»-i 



Voll i 2 ■ 



2Imr 

Recalling that Imr - k~ 2 ^ m+1 \ if T = e 2 fc- 2 /( m+1 >, we have 
(5-4) ^CelK-Asn-i^w,!!^. 
Now, if e > is sufficiently small, but independent of k, we have 

1>1 _ e -2Tl m r >C()j 

for some cq > 0, so that for this choice of T, we still have the estimate (|5.3I) . 
Combining (|5-3|) with (15.41) we have 

C|| (-A§ n -lY +f> Vq\\ L 2 > ||i(t)^o||i2([0,T])I,2* 

^ IM*)IIl 2 ([0,T])L 2 * - ||lAh||L 2 ([0,T])L 2 * 

for some constant C > independent of fc. But this is a contradiction, since 
r + (3 < rj{m, n)/2. This proves the near-sharpness of Corollary 13. 31 
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